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Introduction

We have seen that the stochastic life-cycle model goes a long way towards accounting for
U.S. wealth inequality.
But the model fails to account for the concentration of wealth within the top 5% or 1% of
the population.

Two candidate solutions:

1. Change the labor earnings process

(a) there are not enough earnings rich households in panel data
(b) specify a process that undoes this sample selection problem (Castaneda, Diaz-

Gimenez, and Rios-Rull, 2003)

2. Preference heterogeneity

(a) that might also address the problem that wealth and earnings are too highly
correlated
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Castenda et al. (2003)

Main innovations relative to Huggett (1996):

• Households are altruistic (additional source of wealth and motive for saving).

• Earnings process is chosen to match SCF data on earnings and wealth inequality.

• Social Security system modeled in more detail (to give high retirement incomes to
low earnings households; helps account for low wealth observations).

• Progressive income tax system (found important for wealth distribution).

• Stochastic aging.

Main finding: The model accounts for distribution of earnings and wealth.
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Model

There is a continuum of families.
Each family consists of non-overlapping individuals.
In each period, a person:

• draws a stochastic labor endowment e,

• chooses consumption and saving,

• retires with some probability,

• dies with some probability.

New individuals inherit assets and labor endowments from their parents.
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Household Problem

State variables:

• "age": working or retired (there is no symbol for age).

• labor endowment e.

• wealth a.

The exogenous states are collected in s = (age, e).
st evolves according to a transition matrix Γ.
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Households solve

max E

{ ∞∑
t=0

βt u (ct, `− lt) |s0

}

subject to the budget constraint

c+ z = y − τ(y) + a (1)

y = a r + w es l(s, a) + ω(s) (2)

a′(z) = { z if survive
(1− τE(z)) z if death (3)
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Remarks

Households are modeled as infinitely lived.

• This is a reduced form for a sequence of non-overlapping individuals linked by altruistic
bequests.

• There is no separate age state variable.

Labor endowments are drawn from S = ε ∪ <.

• e ∈ ε means "working".

• e ∈ < means retired.
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Agents age stochastically

Individuals are born as working (e ∈ ε, ω = 0).
In each period, they draw a new e.
If e ∈ <, the household retired.
If retired and household draws e ∈ ε, he dies and is replaced by a child.
Benefits:

• Small state vector: (s, a).

• Value function must be computed for only 2 ”ages”

Drawbacks:

• Some households have very long or short working lives.

• Hard to match life-cycle features (age-earnings profile, mortality rates)
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Household Dynamic Program

v(s, a) = max u (c, `− l) + β
∑
s′∈S

Γss′ v (s′, a′ (z)) (4)

c+ z = y − τ(y) + a (5)

y = a r + e (s) lw + ω (s) (6)

a′(z) = { (1− τE(z)) z if s ∈ < and s′ ∈ ε
z otherwise (7)
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Other Model Agents

Firms

Firms maximize period profits.
Production technology is F (K,L).

Government

Taxes bequests at rate τE(z), where z is the bequest amount.
Taxes income at rate τ(y).
Provides retirement transfers to households.
Balances the budget in each period: Gt + Trt = Tt.
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Steady State Equilibrium

Objects:

• Policy functions: c(s, a), z(s, a), l(s, a).

• Government policies: τ(y), τE(z), ω(s), G.

• A stationary probability distribution over household types: x.

• Aggregate quantities: K,L, T, Tr.

These satisfy:

• Policy functions are optimal decision rules.

• Factor market clearing: K =
´
a dx, L =

´
e (s) l (s, a) dx.

• Goods market clearing: F (K,L) + (1− δ) K = G+
´

[c (s, a) + z (s, a)] dx.

• Firm’s first-order conditions.

• Government budget constraints.

• Measure of households is stationary.
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Calibration

Preferences (β, σ1, σ2, `):

u(c, l) =
c1−σ1

1− σ1
+ χ

(`− l)1−σ2

1− σ2

Technology (θ, δ):

F (K,L) = Kθ L1−θ

Government Policy (8 parameters): Income and estate tax schedule mimick U.S. pro-
gressive tax system.

Labor endowments (24 parameters): Endowments are realizations of a Markov chain.
Nearly unrestricted transition matrix

ΓSS =

[
Γεε pε,ρ I
Γ<ε (1− pρ,ρ) I

]
ε states represent work; < states represent retirement.
Transition matrix matches:

• points on the Lorenz curves for earnings and wealth (Γεε, e(s)).

• intergenerational persistence of labor endowments (Γ<ε).

• length of working lives (pε,ρ).

• life expectancy (pρ,ρ).

Total number of parameters: 39 (unusually large [for macro])
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Calibration targets

Various features of U.S. tax schedules.
Aggregate ratios: K/Y, I/Y,G/Y, Tr/Y, l/`
Normalization: `
σ1 = 1.5

Ratio of standard deviations for c and l.
Average length of work life: 45 years.
Average length of retirement: 18 years.
Average earnings middle age / young: 1.3
Intergenerational correlation of log lifetime earnings: 0.4
Gini coefficients of earnings and wealth.
13 points on the Lorenz curves of earnings and wealth (SCF).
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Findings

Model economy matches calibration targets, except
- earnings growth over the life-cycle
- intergenerational earnings correlation
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Earnings and Wealth Distributions

Model economy matches cross-sectional earnings distribution very well.
Wealth distribution match is good, not perfect.wealth inequality 845

TABLE 7
Distributions of Earnings and of Wealth in the United States and in the

Benchmark Model Economies (%)

Economy Gini

Quintile
Top Groups
(Percentile)

First Second Third Fourth Fifth
90th–
95th

95th–
99th

99th–
100th

A. Distributions of Earnings

United States .63 !.40 3.19 12.49 23.33 61.39 12.38 16.37 14.76
Benchmark .63 .00 3.74 14.59 15.99 65.68 15.15 17.65 14.93

B. Distributions of Wealth

United States .78 !.39 1.74 5.72 13.43 79.49 12.62 23.95 29.55
Benchmark .79 .21 1.21 1.93 14.68 81.97 16.97 18.21 29.85

consumption and hours in columns 6 and 7. We find that all these
statistics are very similar in both economies.

The distribution of earnings.—We report the Gini indexes and selected
points of the Lorenz curves of earnings in the United States and in the
benchmark model economies in panel A of table 7. We find that the
distributions of earnings are very similar in both economies. Moreover,
our benchmark model economy does a significantly better job of ac-
counting for the observed distribution of earnings than any of the pre-
vious attempts in the literature reported in table 1.

If we look at the fine print, we find that the main differences between
the model economy and the data are that the share earned by the fourth
quintile is smaller in the model economy than in the data and that this
is compensated by the shares earned by the other quantiles, which are
slightly larger in the model economy than in the data. During the course
of this research, we tried different parameterizations of our model econ-
omy increasing the accuracy of these statistics at the expense of the
accuracy of other calibration targets, and these changes made little
difference to our overall findings. Our results lead us to conjecture that
the differences between the Lorenz curves of earnings in the model
economy and in the data would have been smaller if we had chosen a
process on s of a higher dimension.

The distribution of wealth.—We report the Gini indexes and selected
points of the Lorenz curves of wealth in the United States and in the
benchmark model economies in panel B of table 7. We find that the
benchmark model economy accounts for the U.S. distribution of wealth
almost exactly and that it does a particularly good job of accounting for
the top 1 percent of the distribution. Again, we find that, overall, our
theory accounts for the observed wealth inequality in significantly
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Mobility

Model economies overstate wealth persistence over time.848 journal of political economy

TABLE 9
Earnings and Wealth Persistence in the United States and in the Benchmark
Model Economies: Fractions of Households That Remain in the Same Quintile

after Five Years

Economy

Quintile

First Second Third Fourth Fifth

A. Earnings Persistence

United States .86 .41 .47 .46 .66
Benchmark .76 .55 .65 .80 .80

B. Wealth Persistence

United States .67 .47 .45 .50 .71
Benchmark .81 .80 .80 .75 .89

of our theory. The reason is that there is nothing in our theory that
would have made us predict that our model economy was going to match
any of these statistics. In particular, our parsimonious way of modeling
the life cycle makes it very difficult for our model economy to mimic
this feature of the data, especially if we take into account the large role
played by the life cycle in shaping economic mobility.27 This notwith-
standing, both our benchmark model economy and the data display
large earnings and wealth persistence, and both in our benchmark
model economy and in the data the top and the lowest quintiles tend
to be more persistent than the middle quintiles. We also find that, with
the exception of the first earnings quintile, both earnings and wealth
are more persistent in the benchmark model economy than in the U.S.
economy. This was to be expected from our parsimonious modeling of
the life cycle and from the already mentioned fact that much of the
mobility in the data is linked to the earnings and wealth life cycles.

Overall, we consider our mobility findings to be encouraging, and we
conjecture that versions of our model economy that include a more
detailed specification of the age-earnings profile of households will
mimic the U.S. persistence statistics significantly better.

An assessment.—We find that our benchmark model economy does an
extremely good job of accounting for the U.S. earnings and wealth
inequality and that it improves significantly previous results reported in
the literature. We think that our findings are particularly creditworthy
if we take into account our parsimonious model design and the many
computational difficulties solved in this research. We are convinced that

took into account only the households that belonged to both the 1984 and the 1989 PSID
samples.

27 For instance, Auerbach and Kotlikoff (1987), Rı́os-Rull (1996), and others find that
the age-earnings profile of the households included in the PSID sample displays a clear
hump shape.
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Success or Failure?

The model successfully replicates the cross-sectional distribution of wealth.
No departure from standard theory is needed.
Key features for the model’s success:

• Intended bequests permit households to accumulate wealth over longer time periods.

• Earnings process consistent with cross-sectional SCF data.

Reservations:

The earnings process.

• Calibration does not use information on persistence of earnings.

• The earnings process is ”cooked” to match the wealth distribution.

The paper shoes that it is possible to write down a standard life-cycle model that matches
wealth concentration based on an earnings process with the right amount of cross-sectional
inequality.
It does not show that a life-cycle model generates the right wealth distribution when a
”realistic” earnings process is imposed.
Could one fix this?

• why not combine info on the process for the bottom 99% from the PSID with info
for the cross-sectional distribution for everyone from SCF?
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Features of the Earnings Process

The lower 3 earnings states ”look like” something estimated from the PSID (though per-
sistence is very high).
The top earnings state is totally transitory.wealth inequality 843

TABLE 5
Relative Endowments of Efficiency Labor Units, and thee(s),

Stationary Distribution of Working-Age Households, ∗gE

s p 1 s p 2 s p 3 s p 4

e(s) 1.00 3.15 9.78 1,061.00
(%)∗gE 61.11 22.35 16.50 .0389

rounding errors) because the probability that a worker retires is .0222.
This table shows that the four shocks are persistent, and especially so
the first three. Specifically, the expected durations of each of the shocks
are 26.6, 17.6, 23.9, and 5.1 years, respectively. The table also shows that
a household whose current shock is is most likely to make as p 1
transition to shock than to any of the other shocks. Likewise,s p 2
households whose current shocks are either or are mosts p 2 s p 3
likely to move back to shock Only very rarely will householdss p 1.
whose current shock is either or make a transition to eithers p 1 s p 2
shock or shock and when a household draws shocks p 3 s p 4, s p

in any given period, it is most likely that it will draw shock very4 s p 1
soon afterward.

Table 5 reports the relative endowments of efficiency labor units and
the invariant measures of each type of working-age households. This
table shows that a large majority of these households are of type s p

followed by types and It also shows that the invariant1, s p 2 s p 3.
mass of type households is approximately one out of every 2,600.s p 4
As far as their relative endowments of efficiency labor units are con-
cerned, the hourly wages of types and householdss p 2, s p 3, s p 4
are, approximately, three, 10, and 1,000 times larger than those of

households.s p 1
The persistence of this process and the large differences in the values

of its realizations imply that if we normalize the present lifetime earnings
of the type households to be one, the present values of the lifetimes p 1
earnings of types and households are, approximately,s p 2, s p 3, s p 4
1.5, 4.3, and 120.1, respectively. Furthermore, these differences are per-
sistent across generations. Specifically, the expected lifetime earnings
of the descendants of retired households of each type are 1.0, 1.2, 2.6,
and 53.7, respectively. These findings suggest that a large fraction of
the differences in the economic performance of households may already
have occurred before their members enter the labor market.24 The ag-
gregate, distributional, and mobility implications of this process are
discussed below.

The age structure of the population.—Our specification of the joint age

24 See Keane and Wolpin (1997) for an empirical analysis of this issue.
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TABLE 4
Transition Probabilities of the Process on the Endowment of Efficiency Labor

Units for Working-Age Households That Remain at Working Age One Period
Later, (%)GEE

From s

To ′s
′s p 1 ′s p 2 ′s p 3 ′s p 4

s p 1 96.24 1.14 .39 .006
s p 2 3.07 94.33 .37 .000
s p 3 1.50 .43 95.82 .020
s p 4 10.66 .49 6.11 80.51

V. Findings

In this section we report our findings. We do this in two stages. In
subsection A, we report the behavior of our benchmark model economy,
which we have calibrated to the targets described in Section IV above.
As we have already mentioned, we find that the parsimonious way in
which we model the life cycle prevents our benchmark model economy
from matching the targeted values for the intergenerational earnings
correlation and for the life cycle earnings profile simultaneously. This
finding led us to carry out two additional computational exercises, which
we report in subsection B. The purpose of these exercises is to find out
whether or not our model economy can match each one of those two
targets separately. More specifically, in the first one of these exercises,
we match the intergenerational correlation of earnings observed in the
data in a model economy with a flat life cycle earnings profile, and in
the second exercise we match the life cycle earnings profile observed
in the data in a model economy in which earnings are uncorrelated
across generations.

A. The Benchmark Model Economy as a Theory of Inequality

In this subsection we report the calibration results, we discuss the reasons
that allow us to account for the U.S. earnings and wealth distributions
almost exactly, and we assess our benchmark model economy as a theory
of inequality.

The endowment of efficiency labor units process.—The procedure used to
calibrate our model economy identifies the stochastic process on the
endowment of efficiency labor units that determines its behavior. Since
this process is an essential feature of our theory, we start this subsection
with a description of it main properties.

Table 4 reports the transition probabilities on the endowments of
efficiency labor units of working-age households that remain of working
age one period later. Note that all rows sum up to .9778 (plus or minus
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Intuition:

• households win the lottery once every 25 years

• lottery winners save everything because the top state is so transitory
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Preference Heterogeneity

Motivation
Life-cycle models have trouble accounting for observed wealth inequality. In the data:

• The richest 1% of households hold 35% of wealth.

• "Similar" households hold very different amounts of wealth.

Several authors interpret this as evidence of preference heterogeneity (Venti and Wise, 2000)
Survey data suggest a fair bit of preference heterogeneity (Kimball, Sahm, and Shapiro,
2009)
How important is preference heterogeneity for these observations?
A first step towards an answer: Hendricks (2007)
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How to discipline the analysis?

Unrestricted preference heterogeneity can account for any behavior.
Key assumption:

• Each household is endowed with time-invariant preferences.

To measure the importance of preference heterogeneity: exploit that preference heterogene-
ity affects how consumption/wealth inequality changes with age.
How else could the analysis be disciplined?

• Use empirical estimates of preference parameters (Cozzi, 2014)
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Outline

Write down a life-cycle model of the type commonly used to study wealth inequality.
Show that it has the two problems mentioned before:

1. The richest households do not hold enough wealth.

2. Households with similar earnings hold similar wealth.

Add heterogeneity in time preference or risk aversion.
Choose the distribution of preference parameters to match how wealth or consumption
inequality change with age.
Examine to what extent preference heterogeneity helps resolve the two problems.
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Model

Based on Huggett (1996)

Households

Households live for up to aD periods.
Ps(a) is probability of living to a+ 1 given a.
There is no population growth.
Exogenous state variables are s = (a, e, q).
Endogenous state variable: wealth k.
Labor endowments are governed by a Markov chain: Pe (e, e′).

• New agents draw labor endowments from a fixed distribution, Pe1 .

• Permanent labor endowments are drawn from the distribution Pq(q).

During retirement (a > aR):

• Household does not work (e = 0).

• Household receives transfers $.
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Household Problem

max E

aD∑
a=1

βa u (ca)

subject to
ka+1 = ya − ca (8)

ya = Rka + w la +$a (9)

la = ha q ea (10)

ka+1 ≥ 0 (11)
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Other Agents

Firms

A representative firm maximizes period profits:

max F (K,L)− qK K − qL L

Government

Balances the budget in each period: G+X = T .
Tax revenues: T = τw qL L.
Government consumption is thrown into the ocean (G).
Transfers are paid equally to all households who are retired: $ (a) = $ if a > aR.
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Stationary Equilibrium

Objects:
Distribution of households over exogenous types: Λ(s) denotes fraction of households of
type s.
Distribution over all types: Γ(k, s) denotes the density.
Household policy function c(k, s) and value function V (k, s).
Price functions: qK(K,L), qL(K,L).
Aggregate quantities: K,L,X.

Equilibrium conditions:

Household policy and value functions are optimal.
Prices equal marginal products: qK = FK(K,L), qL = FL(K,L).
Household prices: R = 1 + qK − δ, w = (1− τw) qL.
Goods market clears:Y = C + I +G.
Labor market clears: L =

∑
s∈SW l(s)Λ(s).

Capital market clears: K =
∑
s

´
k

Γ(k, s) k dk.
Distribution of households is stationary.

Identities and definitions:

Aggregate investment: I = K ′ − (1− δ)K.
K ′ =

∑
s

´
k

Γ(k, s) k′(k, s) dk.
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Parameters

Preferences: u (c) = c1−σ

1−σ . σ = 1.5 (Huggett 1996). β set such that K/Y = 2.9.

Demographics: Mortality rates from Social Security Life Tables.

Technology: F (K,L) = A Kα L1−α. Choose α, δ to match w = 1 and interest rate of
4%.

Labor endowments: Baseline process taken from Huggett (1996); has no permanent
labor endowment (q).
STY process taken from Storesletten, Telmer, and Yaron (2004)

Government: τw = 0.4. Transfers equal 40% of average household earnings.
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Experiments

Fix preference parameters on a grid:

• βb ∈
{
β̄1, ..., β̄B

}
and σ = 1.5, or

• σs ∈ {σ̄1, ..., σ̄S} and β = 0.97.

Search over fractions of households in each preference cell to match calibration targets.
Targets are K/Y = 2.9 and one of the following:

1. Consumption inequality by age.

2. Wealth inequality by age.

3. Cross-sectional wealth distribution.
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Baseline: No preference heterogeneity

Problem 1: Model fails to account for top of wealth distribution.
Same as Huggett (1996)

Problem 2: Model implies too tight relationship between lifetime earnings and retirement
wealth:

CWE Gini R90/20

Data 0.50 0.50 2.00
Baseline 0.95 0.27 4.31
STY 0.96 0.29 11.37
CWE : Correlation between lifetime earnings and retirement wealth. (How tight is the
relationship?)
Gini: Mean Gini of retirement wealth within lifetime earnings deciles. (How much inequality
after controlling for earnings and age?)
R90/20 = x9/x2 where xj =

Median retirement wealthj
Mean lifetime earningsj

for lifetime earnings decile j. (How
large wealth gaps between earnings rich and earnings poor households?)
These are the problems that motivate interest in preference heterogeneity.
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Consumption inequality by age

Too high in the model, but covaries with age in roughly the right way.
Suggests little scope for preference heterogeneity.

25 30 35 40 45 50 55 60
0.2
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0.3

0.35
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n 
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Data: Storesletten, Telmer, and Yaron (2004)
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Wealth inequality by age

Too low in the model.
Suggests scope for preference heterogeneity.

20 25 30 35 40 45 50 55 60 65
0
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A small amount of β heterogeneity

Experiment: Restrict β to lie on the 2 grid points surrounding the β value without
preference heterogeneity.
Find weights that match K/Y target.
Wealth distribution:

20.0 40.0 60.0 80.0 90.0 95.0 99.0 100.0 Gini
Data -0.7 1.1 7.7 24.2 40.5 54.4 75.6 100.0 0.75
Baseline 0.0 1.7 8.6 27.9 48.5 65.3 89.1 100.0 0.70
Two beta grid 0.0 1.1 7.1 25.5 46.1 63.5 88.1 100.0 0.72

Relationship between lifetime earnings and retirement wealth:
CWE Gini R90/20

Data 0.50 0.50 2.00
Baseline 0.95 0.27 4.31
Two beta grid 0.88 0.39 6.46

Small effect on var (ln (c)) by age:

Larger effect on wealth inequality by age:

20 25 30 35 40 45 50 55 60 65
0
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G
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Implications

Consumption inequality by age does not offer good identification of preference parameters.
Wealth inequality by age is more promising.
Preference heterogeneity seems to

• improve relationship lifetime earnings / wealth.

• help account for high wealth holdings.

• push too many households towards zero wealth.
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Experiment: Match wealth inequality by age

20 25 30 35 40 45 50 55 60 65
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

Age

G
in

i

Data
Baseline
Beta hetero
STY, beta hetero

Wealth distribution:
20.0 40.0 60.0 80.0 90.0 95.0 99.0 100.0 Gini

Data -0.7 1.1 7.7 24.2 40.5 54.4 75.6 100.0 0.75
Baseline 0.0 1.7 8.6 27.9 48.5 65.3 89.1 100.0 0.70
Beta hetero 0.0 0.0 3.0 19.1 40.2 59.0 85.9 100.0 0.78
STY, beta hetero 0.0 0.1 3.1 19.4 40.5 59.0 85.3 100.0 0.78

Relationship lifetime earnings / wealth:
CWE Gini R90/20

Data 0.50 0.50 2.00
Baseline 0.95 0.27 4.31
Beta hetero 0.69 0.56 6.94
STY, beta hetero 0.71 0.55 19.74
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Implications

Wealth inequality by age leaves room for vast preference heterogeneity.
β heterogeneity then:

• helps account for relationship between lifetime earnings and retirement wealth;

• helps account for upper tail of wealth distribution (though not for top 1%);

• creates problems with lower tail of wealth distribution.
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Experiment: Match cross-sectional wealth distribution

Upper bound for contribution of preference heterogeneity.
Wealth distribution:

20.0 40.0 60.0 80.0 90.0 95.0 99.0 100.0 Gini
Data -0.7 1.1 7.7 24.2 40.5 54.4 75.6 100.0 0.75
Baseline 0.0 1.7 8.6 27.9 48.5 65.3 89.1 100.0 0.70
Beta hetero 0.0 0.6 5.2 20.9 39.8 57.1 83.6 100.0 0.76
STY, beta hetero 0.0 0.6 5.3 21.2 40.2 57.4 83.0 100.0 0.76

Relationship lifetime earnings / wealth:
CWE Gini R90/20

Data 0.50 0.50 2.00
Baseline 0.95 0.27 4.31
Beta hetero 0.71 0.49 5.89
STY, beta hetero 0.73 0.49 17.97

Interpretation

β heterogeneity helps the model replicate the observed

• cross-sectional wealth distribution,

• relationship between lifetime earnings and retirement wealth.

The contribution towards accounting for highest wealth observations is modest.
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Experiment: Heterogeneity in IES/Risk aversion

Arbitrarily assign half of the households σ = 1 and σ = 5.
To understand how σ heterogeneity affects model properties.

Implications

σ Heterogeneity is not important for wealth inequality or for understanding the relationship
between lifetime earnings and retirement wealth.

Intuition: High σ has two countervailing effects on consumption:

• Flatter desired consumption profile → young c rises.

• Higher buffer stock / more precautionary wealth → young c falls.
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Summary

Preference heterogeneity helps account for:

• wealth inequality among households with similar lifetime earnings;

• wealth inequality among households of similar age;

• large share of wealth held by richest 5% of households.

It does not help account for:

• small wealth gaps between earnings rich and earnings poor households.

It creates problems with:

• too many households holding no wealth (regardless of lifetime earnings).
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Open Issues

Is this approach promising / convincing?
How else could the importance of preference heterogeneity be measured?
Does it help account for intergenerational persistence (how to discipline this?)?
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