
Practice Problems: A Model of Production

Econ520. Spring 2021. Prof. Lutz Hendricks. November 10, 2020

Optional: Jones, Macroeconomics, exercises 4.3, 4.5, 4.6.

1 Methodology

Suppose you want to find out how income taxes affect aggregate consumption.
One approach would be to get data on income tax rates (τt) and on aggregate
consumption since 1950 (Ct). Then one could run an OLS regression of the
form

Ct = α + βτt + εt (1)

1. Intuitively, what does an OLS regression do?

2. What is the interpretation of β?

3. Why does β not answer the question: a 10% increase in taxes would
reduce consumption by β × 10%?

4. How could one answer the question: how do taxes affect consumption?

2 Regressions and causality

A paper that I was asked to referee addressed the question: how does financial
development affect growth? The authors proposed to do the following.

1. Take a sample of 40 countries. Calculate their average growth rates
over the sample period.

2. Split the sample into two groups: those with incomes above the median
at the end of the sample period and those with incomes below the
median.
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3. Regress the average growth rate of output on indicators of financial
development (e.g., size of the stock market; bank credit to GDP) at
the start of the sample period. The regression is run separately for
each group.

4. Interpret that regression coefficients as the causal effect of financial
development on growth.

Explain why this does not work. Be specific. Assume that the indicators of
financial development actually measure what they are supposed to measure.
Pay attention to the fact that the sample was split into two groups. This
question is tricky and requires a bit of thought.

Given all the problems with regression analysis, is it useless? What can we
learn from the kind of regression described in the previous question?

2.1 Answer

There is, of course, the usual issue that correlation does not imply causation.
There will be omitted variables. For example, countries with “good” insti-
tutions (e.g. rule of law) may have better developed banking sectors. The
authors actually made an effort to deal with this issue (using a form of IV).

However, splitting the sample causes another issue: selection. Recall our
discussion of convergence, where a similar issue arose. If we select samples
on their GDP at the end of the sample period, we essentially select countries
with high or low growth rates. But then we can no longer ask: how do initial
conditions affect growth? In the high income sample, we effectively threw
out countries with low growth.

3 Production function

1. What properties of the Cobb-Douglas production function, Y = AKαL1−α,
lead us to believe that it is a good approximation of the data?

2. How could one estimate the important parameter α?
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3. For the production function Y = AKαLβ find the marginal products
of capital and labor.

4. If α+ β = 1, what share of income goes to capital and labor? The rest
goes to pure profits. What is the profit share? Assume that capital
and labor are paid their marginal products.

5. If α + β < 1, what share of income goes to capital, labor, and profits?

6. If α+ β = 1, by how much does doubling K/L increase Y/L? By how
much does a 10-fold increase of K/L increase Y/L? If α = 0.3, why is
the effect of the 10-fold increase so much less than 5 times the effect of
doubling K/L?

7. Repeat the previous exercise for α = 0.8. How does your answer
change?

8. For α = 0.3 and α = 0.8, plot Y/L and the marginal product of capital
as you vary K/L over a 10-fold range. What do you find? What does it
mean for cross-country interest rate differences (keeping in mind that
the real interest rate is r = MPK − δ)?

3.1 Answers: Production function

1. Constant returns to scale and constant capital and labor shares.

2. Show that capital receives fraction α of total output. In the data, the
share of GDP that goes to capital is about 1/3. See the slides for
details.

3. See slides.

4. Capital receives α and labor receives β = 1−α. Nothing left for profits.

5. Profits get 1− α− β. No change in shares that go to K and L.

6. Increase K/L by factor λ increases Y/L by factor λα. Diminishing
returns to capital make added capital less and less valuable.

7. Now the production function is closer to linear. Less diminishing re-
turns.
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4 Measuring Productivity

1. Given data on capital, labor, and output, how can the production model
be used to measure total factor productivity (A)?

2. Why is the value of α critical for answering the question: How impor-
tant is capital for cross-country income gaps?

4.1 Answers: Measuring Productivity

1. Assume a production function. For reasons we discussed, a Cobb-
Douglas function makes sense: Y = AKαL1−α. Get data on Y,K,L.
Solve the production function for A: A = Y

KαL1−α . Plug in the data
values to estimate A for each country.

2. Low α means quickly diminishing MPK. A given cross-country gap in
capital implies a small gap in output. The opposite is true with high
α.

5 Country comparisons

Consider two countries: the U.S. with Y/L = $42, 000 and K/L = $100, 000
and China with Y/L = $3, 000 and K/L = $6, 000. Assume the production
function Y = ĀK1/3L2/3.

1. The actual output gap between the U.S. and China is 42/3 = 14. Which
output gap does the model attribute to the fact that K/L in the U.S.
is 16 times higher than in China?

2. How large is the ratio of Ā of the U.S. relative to China implied by the
model?

3. Plot the production functions of the two countries (not to scale). Show
the contributions ofK/L and Ā to the Y/L gap between the 2 countries.
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      

  

                 

               
 

              
    

           

    

           
    

        

                 
             
  
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Figure 1: Decomposition of output gaps

5.1 Answer

1. Start from the production function y = Akα. yUS/yCHN = (kUS/kCHN)1/3 =

161/3 = 2.52. Of, if you use exact numbers: (100/6)1/3 = 2.55.

2. Solve the production function for y and plug in numbers. Or, more
easily, 14 = 2.5×AUS/ACHN so that AUS/ACHN = 5.6. Or, if you use
exact numbers: AUS/ACHN = (42/3)/(161/3) = 5.56.

3. See figure 1.

6 CES Production Function [Harder]

What happens to the conclusions if we relax the assumption that the pro-
duction function is of the Cobb-Douglas form? Assume that

Yc = Ac[φK
β
c + (1− φ)Lβc ]1/β

c indexes the country. Otherwise the notation is unchanged. Note that we
can write

Yc = AcLc[φ(Kc/Lc)
β + 1− φ]1/β

This shows that output per worker (Y/L) depends on capital per worker
(K/L) and it is useful below.
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This is a “CES” production function, which you should have seen in micro.
The parameter β governs the elasticity of substitution between capital and
labor. In case you care, that elasticity is (1/ (1− β)). When β → 0 the
production function becomes Cobb-Douglas (not an obvious point, but true).

Suppose that KUS = LUS = AUS = 1, so that U.S. output is also 1. (This is
just choosing units to make the math nice.)

Consider 3 values of β : 0 (Cobb-Douglas), -1 (elasticity 1/2) and 0.5 (elas-
ticity 2).

1. Calculate the marginal products of capital and labor.

2. How much does an increase in Kc by a factor of 10 raise output? How
does the answer depend on β?

3. What happens to the shares of income that go to capital and labor as
you raise K? How does this depend on β? What is the intuition?

6.1 Answer

1. Marginal products: We need the chain rule for the derivative. To
simplify notation, define Q =

[
φKβ + (1− φ)Lβ

]
. Then Y = AQ1/β.

∂Y

∂K
= AQ1/β−1φKβ−1 (2)

and
∂Y

∂L
= AQ1/β−1 (1− φ)Lβ−1 (3)

Usefully, the ratio of factor prices is

MPK

MPL
=

φ

1− φ

(
K

L

)β−1

(4)

2. Use a calculator ...

3. It’s easiest to calculate the ratio of capital income to labor income

MPK ×K
MPL× L

=
φ

1− φ

(
K

L

)β
(5)
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With Cobb-Douglas, β = 0 and the factor income shares are indepen-
dent of K/L (as we know). If β > 0, a higher K/L increases the share
of capital. With β < 0, it decreases the share of capital.

Intuition: When β > 0, the elasticity of substitution is large. Increasing
K/L leads to a small decline in MPK/MPL, so the income share of
K rises.

7 Comparative statics

The production model postulates the aggregate production function Yt =
ĀKα

t L
1−α
t . Assume α = 1/3, unless stated otherwise. Countries differ in

their values of the productivity parameter Ā.

1. If α = 1/3, how much does output per worker (Y/L) rise when K/L
increases 5-fold?

2. How does your answer change when α = 2/3? Explain the intuition
underlying the difference.

3. In cross-country data, per capita GDP and capital per worker are
closely related. Should one conclude that differences in capital are
an important cause of differences in GDP? Explain your answer.

4. The following table shows data for 2 countries.

(a) According to the production model, how large an output gap Y/LA
Y/LB

does the 20-fold capital gap
(
K/LA
K/LB

)
cause?

(b) Calculate the productivity parameters Ā for both countries.

Country A B
Y/L 100 10
K/L 400 20
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7.1 Answer

1. y = Akα. 51/3 = 1.7. This is the increase in y.

2. Now 52/3 = 2.9. The difference: MPK diminishes less quickly with the
higher α.

3. No. Correlation has nothing to do with causation. k could be high
because y is high or both could be high because of other common
causes. This is why we need models.

4. The model attributes factor (kA/kB)α to capital. 201/3 = 2.7. To
calculate productivity we solve the production function for Ā = y

kα
.

For A: 100/4001/3 = 13.6. For B: 10/201/3 = 3.7.
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